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Abstract-The closed neighborhood of a vertex subset S  of a graph G = (V,E), denoted as 
N[Sj, is defined ss the union of S  and the set of all the vertices adjacent to some vertex of S. A  
dominating set of a graph G = (V, E) is defined as a set S  of vertices such that N[q = V. The 
domination number of a graph G, denoted as y(G), is the min imum possible size of a dominating 
set of G. A  minus dominating function on a graph G = (V, E) is a function 9 : V + {-l,O, I} 
such that g(N[v]) 2 1 for all vertices. The weight of a minus dominating function g is defined as 
s(V) = c vEV g(v). The minus domination number of a graph G, denoted ss r-(G), is the min imum 
possible weight of a minus dominating function on G. It is well known that r-(G) _< y(G). This 
paper is focused on the difference between 7(G) and y-(G) for cubic graphs. We first present a 
graph-theoretic description of r-(G). Based on this, we give a necessary and sufllcient condition for 
r(G) -7-(G) > k. Further, we present an infinite family of cubic graphs of order 18k + 16 and with 
-y(G) - y-(G) 2 k. @  2003 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Let G = (V,E) b e a finite undirected graph without loops and multiple edges, v be a vertex 
of G, S be a subset of V, and H be a subgraph of G. The vertex set and the edge set of G are 
denoted by V(G) and E(G), respectively. The open neighborhood of S, denoted as N(S), is the 
set consisting of the vertices adjacent to at least one vertex of S in G. The closed neighborhood 
of S is defined by N[S] = S U N(S). N[{v}] is abbreviated as N[w]. If 21 E V(H), then the 
degree of u in H is the number of vertices adjacent to v in H and is denoted as dH(v). Given a 
function g defined on V, we will use g(S) to denote Eves g(w). 
A dominating set of a graph G = (V, E) is defined as a set S of vertices such that N[S] = V. 
The domination number of a graph G, denoted as y(G), is the minimum possible size of a 
dominating set of G. The minus domination on graphs is defined in [l]. A minus dominating 
function on a graph G = (V, E) is a function g : V + {-l,O, 1) such that g(N[v]) 1 1 for all 
vertices. The weight of a minus dominating function g is defined as g(V) = CvEvg(v). The 
minus domination number of a graph G, denoted as r-(G), is the minimum possible weight of a 
minus dominating function on G. 
It is well known that y-(G) 5 y(G) [l]. Hedetniemi [2] p osed the following question: does 
there exist a cubic graph G with y-(G) < y(G)? H enning and Slater [3] answer the question in 
the affirmative by constructing a cubic graph of order 52 with y-y- 2 1. However, the following 
questions related with the difference y - y- of cubic graphs have yet to be settled. 
l Given any positive integer k, what is the characterization of the cubic graphs with 
y-y- 2 k? 
l Given any positive integer k, is there a cubic graph with y - y- > k? 
This paper is focused on answering these questions. We first present a graph-theoretic descrip- 
tion of y-(G). Based on this, we give a necessary and sufficient condition for a cubic graph to 
satisfy y - y- > k. Further, we present an infinite family of cubic graphs of order 18k + 26 for 
which y - y- 2 k. 
2. A  NECESSARY AND SUFFICIENT CONDITION 
FOR A CUBIC GRAPH TO SATISFY y(G) - y-(G) 2 k 
For the purpose of characterizing the minus domination number of cubic graphs, let us introduce 
a new concept. 
DEFINITION. Let G  = (V, E) be a graph, and D be a dominating set of G. Let B = V - D. 
Further, let 
D, = {u E D ] u is adjacent to exactly i vertices of B in G}, where i = 0, 1,2,3, and 
Bi = {u E B ] v is adjacent to exactly i vertices of D in G}, where i = 1,2,3. 
Then D = &, Di, B = & Bi ( see Figure 1). A D-forcing set of G  is defined as a subset 
of B which contains both N(D s ) and N[Bl] - D  as its subsets, and includes at least one vertex 
of N[v] - D  for each v E Dz U Ba. 
LEMMA 1. Let G  = (V, E) b e a cubic graph of order n. Then 
y-(G) = min{2]D] + ]S( -n ] D is a dominating set of G, S is a D-forcing set of G}. 
PROOF. Let a(G) = min{2]D( + IS] -n ] D is a dominating set of G, S is a D-forcing set of G}. 
We first prove y-(G) 5 a(G). Let D be a dominating set of G, S be a D-forcing set of G such 
that 2101 + IS] - n = a(G). N ow define a function g on the vertices of G as follows: assign 
the value fl to the vertices in D, the value 0 to the vertices in S, and the value -1 to all the 
remaining vertices. Let v be a vertex of G. Then six cases are considered. 
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Figure 1. The meaning of Di (i = 0, 1,2,3) and Bi (i = 1,2,3). 
CASE 1. v E Do or v E D1. Then g(N[w]) 2 2 > 1. 
CASE 2. u E D2. Then at least one of two neighbors of u in B belongs to S, which implies 
g(N[v]) 2 2 - 1 = 1. 
CASE 3. w E D3. Then all three neighbors of v must belong to S, implying that g(iV[v]) = 1. 
CASE 4. v E B1. Then v and its two neighbors in B are all in S, implying g(N[w]) = 1. 
CASE 5. ‘u E B2. Then either 2, or its neighbor in B must belong to S, implying g(N[v]) > 1. 
CASE 6. u E B3. Then g(N[v]) 2 2 > 1. 
Combining Cases 1-6, we know that g is a minus dominating function on G. Further, g(V) = 
IDI - (n - IDI - ISI) = 21D/+ 15’ - n = a(G). It follows that y-(G) 5 g(V) = a(G). 
Now we prove y-(G) 2 a(G). Let g be a minus dominating function on G such that g(V) = 
r-(G). Let D = {U E V I g(v) = l}, B = {V E V I g(v) = 0 or -l}, and S = {V E V I g(v) = O}. 
Further, let 
Di = {V E D I v is adjacent to exactly i vertices of B in G}, where i = 0, 1,2,3, 
Bi = {w E B 1 2, is adjacent to exactly i vertices of D in G}, where i = 1,2,3. 
Then D must be a dominating set of G, and g(V) = IDI - (n - IDI - ISI) = 2101 + 15’1 -71. For 
proving that S is a D-forcing set of G, let u be a vertex of G. Then the following four cases are 
considered. 
CASE 1. v E D3. Since g(N[v]) 2 1, then all three neighbors of v must belong to S. It follows 
that N(D3) is contained in S. 
CASE 2. v E B1. Since g(N[v]) 2 1, th n e v and its two neighbors in B must belong to S. It 
follows that N[Bl] - D is contained in S. 
CASE 3. II E Dz. Since g(N[v]) 2 1, then at least one of two neighbors of v in B belongs to S. 
CASE 4. z1 E BP. Since g(N[v]) 2 1, then either v or its neighbor in B must belong to S. 
Combining Cases 1-4, S is a D-forcing set of G. It follows that r-(G) = 2101 + ISI - n 2 
a(G). I 
THEOREM 2. Let G be a cubic graph of order n. Then y(G) -y-(G) 1 k if and only if G has a 
dominating set D and a D-forcing set S such that y(G) + n - 2101 - /SI 1 k. 
PR.OOF. The theorem immediately follows from Lemma 1. I 
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Now we construct an infinite family of cubic graphs G(k) based on the two building-block 
graphs G and H indicated in Figure 2. First, we construct a tree Tk by taking the disjoint union 
of k copies, say Gr, Gz, . . . , Gk, of G, and then identifying yr with x2, y2 with x3,. . . , until yk-1 
with xk. The tree T, has three classes of vertices: k + 2 vertices of degree one, k - 1 vertices 
of degree two, and k vertices of degree three. The graph G(k) is then obtained from Tk by 
performing the following operations. 
l For each one-degree vertex v of Tk, we construct two copies, H,(l) and H,(2), of H, then 
connect to u the two-degree vertex of H, (1) with an edge, and connect to u the two-degree 
vertex of H,(2) with another edge. 
l For each two-degree vertex u of T, we construct one copy H, of H, then connect to v the 
two-degree vertex of H, with an edge (see Figure 3 for an example of G(k) when k = 2). 
The order of the graph G(k) is (k + 2) + (k - 1) + k + lO(k + 2) + 5(k - 1) = 18k + 16. 
Figure 2. The two building-block graphs which are used to construct a cubic graph 
with y - -y- 2 k. 
Figure 3. An example of the cubic graph G(k) with y - y- > k when k = 2. 
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LEMMA 3. For any positive integer k, the graph G(k) constructed as above satisfies 7 - y- > k. 
PROOF. Let D be a dominating set of G(k). F or each vertex w in G(k) of &(o) = 1, one of the 
following two cases must occur. 
CASE 1. There are three vertices belonging to D, where one vertex is w, another is in H,,(l), and 
the third one is in H,, (2). 
CASE 2. There are four vertices belonging to D, where two vertices are in H,(l), and the other 
two are in H,(2). 
For each vertex r~ in G(k) of &(v) = 2, one of the following two cases must occur. 
CASE 1. There are two vertices belonging to D, where one vertex is V, and the other is in H,. 
CASE 2. There are two vertices, both from H,, belonging to D. 
Considering that there are k + 2 vertices of &(‘u) = 1 in G(k), and k - 1 vertices of &(v) = 2 
in G(k), we obtain IDI 2 3(k + 2) + 2(k - 1) = 5k + 4. It follows that $G(k)) 2 5k + 4. 
On the other hand, we construct a vertex subset D* of G(k) as follows: 
(1) all the vertices with do = 1 or 2 are chosen; 
(2) for each copy H’ of H, exactly one of the two vertices which are not adjacent to the vertex 
in H’ ‘which is of degree two in H’ is chosen (see Figure 3). 
It is obvious that D* is a dominating set of G, and 1 D* 1 = 3( k + 2) + P(k - 1) = 5k + 4. It follows 
that $G(k)) 5 5k + 4. Therefore, y(G(k)) = 5k + 4. 
Now let us define a function g on the vertices of G(k) as follows: each vertex u in the set D* is 
assigned the value +l, each vertex v of&(v) = 3 is assigned the value -1, and all the remaining 
vertices are assigned the value 0. It is obvious that g is a minus dominating function on G(k). 
Hence, y-(G(k)) < g(V(G(k))) = (5k+4)-k = 4k+4. It follows that y(G(k))-y-(G(k)) 2 k. 1 
COROLLARY 4. For cubic graphs, the difference y - y- can be made arbitrarily large. 
The cubic graph with y-y- 2 1 presented by Henning and Slater [2] is of order 52. As opposed 
to this, the cubic graph G(1) obtained by our construction method also satisfies 7 - y- > 1, 
but is only of order 34. Furthermore, our cubic graph G(2) is of order 52, which is the same 
as that of the Henning-Slate&s graph, but has a larger difference 7 - 7- 2 2. Let D(k) denote 
the minimum possible order of a cubic graph with 7(G) - y-(G) 2 k. Then it is an interesting 
problem to fully determine the values of D(k). Anyway, Lemma 3 tells us that (18k + 16) is an 
upper bound on D(k). 
REFERENCES 
1. J. Dunbar, S.T. Hedetniemi, M.A. Henning and A.A. McRae, Minus domination in regular graphs, Discrete 
Math. 149, 311-312, (1996). 
2. S. Hedetniemi, Private communication. 
3. I.A. Henning and P.J. Slater, Inequalities relating domination parameters in cubic graphs, Discrete Math. 
158, 87-98, (1996). 
